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Abstract

In this paper, we implement Regular Perturbation Method (RPM) for the Solving fractional diffusion and
diffusion-convection equations, in order to determine the analytical solutions of some linear fractional diffusion
and linear fractional diffusion-convection equations. In general, the solving using this method allow to obtain
exact or approximate solutions. For the case of the diffusion and diffusion-convection equations solved in
this document, the solutions obtained are exact. By comparing these solutions with those obtained by other
researchers using other methods for a certain value of the parameter «, we obtain the same results.

Keywords: Linear fractional diferential equation; reqular perturbation method; Mittag-Leffler; Caputo fractional
derivative.

1 Introduction

Today, the notion of fractional calculus is essential in the resolution of partial differential equations. Indeed,
several researchers have applied it to several methods such as the method of Adomian, the Homotopy Perturbation
method (HPM), etc. However its application remains partial and fragmented. In this document, we will attempt
to apply it using the Regular Perturbations method for solving linear fractional diffusion and linear fractional
diffusion-convection equations. The objective of this work is to find solutions to fractional equations using the
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Regular Perturbations method for 0 < o < 1. Secondly, we will compare the solutions obtained with the solutions
resulting from another resolution method in a previous search for a given value of a.. « is defined in the problem
below. Searchers such as Y. MINOUGOU have already solved the case where ov = 1 with several methods [1].

Let be the following fractional equation (P):

u(z,0) = g(e)
(z;t) € Q=R x [0, 400 and u (x,t) € L* (Q)

o { AT _ ¢ (1 uat)) where 0 < a < 1;

where g is any function dependent only on x, and f: is a continuous function. f. can be the right-hand member
of a fractional diffusion- convection equation for example, and € the perturbation coefficient.

2 Preliminaries

In this part, we will recall some very important notions that come into play imperatively in fractional calculus.

These are the notions of gamma functions, Beta and Mitag Leffler function as well as some notions of convergence
and of solution uniqueness.

2.1 Gamma, Beta and Mittag Leffler functions
2.1.1 Definition 1 [2]

The Gamma function is a function on ]0;1[, defined by the following integral:
I'(s) = f0+°° e "5 'dt; s € C and Re(s) > 0.
Thus: I'(1) = 1.

I'(s) is a monotonous and strictly decreasing function for 0 < s < 1.

2.1.2 Property 1:
Vs > 0, T(s + 1) = sT'(s): r(%) - /7
oVn € N, I'(n+ 1) = nl; avec 0! = 1.
2.1.3 Definition 2 [2,3]
The Beta function is the function defined by:

1
Blu,v) = / (1—s)“"'s"" ds;
0
where Re(u) > 0 and Re(v) > 0.

2.1.4 Property 2:
Vu € C ; Vo € C where Re(u) > 0 and Re(v) > 0,

Thus:

371



Yiyuréboula and Francis; ARJOM, 18(11): 370-384, 2022; Article no.ARJOM.92821

2.1.5 Definition 3 [4]
For s € C, the Mittag-Leffler function denoted Eq(s), with a > 0, is defined by:

too k
Eals) = 2 Ta 1)

when it depends on a single parameter a.

2.1.6 Property 3:

Vs € C where Re(s) > 0, we have:

Eq(s) = e°, Ea2(s) = ch(y/s), where ch denotes the hyberbolic cosine.

2.1.7 Definition 4 [2]

Let considere f € L'([0,T]),T > 0. The Riemann-Liouville fractional integral of the function f of order a € C,
(Re(a) > 0) noted I, is defined by:

1

I f(z,t) = m/0 (t—7) " f(z,7)dr

t>0; x€eR.

2.1.8 Definition 5 [5,6,2]

Let considere f € L'([0,7]),T > 0 a integrable function on [0,7]. The fractional derivative in the sens of
Riemann-Liouville of the function f of order a € C, (Re(«) > 0) noted D, f is defined by:

1 d

Do f(z,t) = Ti—a)dt

¢
/ t—7)""f(z,7)dr;t > 0;x € R.
0

2.2 Concept of convergence and uniqueness of the solution of the problem
(P)
Let’s consider the problem (P) defined by:

ate
u(z,0) = g(z)

with its solution in the form:

(P){ aui(m’t):fs(t,u(yﬁ,t)) where 0 <a<land 0<e<x1

+oo
u(x;t) = anun(ac,t)
n=0
where g(z) € C(£2). we obtain:

= n =2 n 1 k a—1 = n
HZ:OE Un (2, t) :HZ:OE un(x,0)+@/0 (t—1) i, ;E un (z, 7))dT

As f is linear, we obtain:

o0 N 00 N 1 N t o
nz:%g un(z,t) :nz:;)g un(@O)—l—@;s /O(t—T) flrun(x,7))dr.
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2.2.1 Proposition 1 [7,8,9,10]

Let’s suppose (P) is a linear diffusion equation, where u(z,t) € C%(Q)
and f is linear in u, with Q =R x [0;¢t] and 0 <7 <t < T < 4o0.

2
If 3M = sup w and m = sup |u(zx, 0)| such as: Vx, T € Q,
z,7EQ ox zeQ
0u(z, ) . T .
o2 < M, and |u(z,0)| < m, then the series | > e"un(z,t) | is absolutely convergent.
n=0

2.2.2 Proof1l

We obtain progressively:

i fuo(z, )] < [g(z)| <m

e fun(z,t)] = |In (W}' < (Mr(c%l)) n>1

+oo —+oo TOé
: "Un < n -
We have nZ::OE U (x,t)' 7m+n;16 (MF(a+1)>
< YA Y 14+ 53 en
<mt (M) S = (i) (1 £)
:>+ios” (z,t)| <m+ ML —1—|—L because 0 < e K 1
P un(z,t)| <m Mot 1) T ) because

oo
As a result, the series <Z e™un(x, t)) is absolutely convergent, therefore convergente.
n=0

2.2.3 Proposition 2 [7,8,9,10]

2
Let’s suppose (P) a linear diffusion-convection equation, where u(x,t) € C(2) and f = % + )\% € C*(Q),
2
with Q = Rx [0;f] and 0 < 7 <t < T < +o0. If 3 M = sup Fulxn)| N oul®, 1) | na
z, TEQ 61‘2 z, TEQ ox
2
m = sup |u(z,0)| such as: Vz,7 € Q, 07ulw,7) < M, dul@, ) < N and |u(z,0)] < m, then the series
zeQ O0x? oz
+o0
(Z e"un(z, t)) is absolutely convergent.
n=0
2.2.4 Proof 2
We obtain progressively:
1 _ Ouo(x, T)
0 . _ t _ a—1 0 )
e’ uo(z, t)] = |u(z,0)| + ‘—F(a) fo (t—m7) )\7&% dT’
1. _ 1 to, a—1 62UO(1',T) aul(x,T)
et ui(z, )| = ‘—F(a) Jot—7) D2 + A D dr

n 1 a— 82 n— 5 0 n\L,
e ool =gy ot (P eatefd o

,n>1
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T
0: <
€ luo(z,t)] < m+ ()\Nr(a 1)>

1. _r
. e ui(z,t)] < ((M+)‘N)1—\(a+1)>
e Jun(z, )] < ((M+)\N)F(37j_1)>,n21
+o0 +o0 T
We have: nzzjoanun(m,t)' <m+ ngogn <(M + )‘N)m)

<m+ ((M + )\N)L) Ejos"

MNa+1) ) .=
((M+ AN)F(%FU)

1—¢

, because 0 < e < 1

—+o0
> E”un(x,t)‘ <m-+

n=0
“+oo
As a result, the series (E e"un(z, t)) is absolutely convergent, therefore convergent.

n=0

2.2.5 Proposition 3 [§]

The equation (P;) and (P2) each admit a unique solution which is written in the form:

u(z,t) = u(z,0) + In (f(1,u(x,7))), where I, (f) denotes the fractional integral of f defined by:
I (e, 7)) = s (e = 1) (7o 7))

2.2.6 Proof 3

Now let’s show the uniqueness of the solution.

Let’s suppose there are two distinct solutions u(zx,t) and v(zx,t) such that:
there is w(z,t) = u(z,t) —v(z,t) #0
Considering the following algorithms of v and v :

1

uo(z,t) = u(z,0) + ) fot (t — 1) f (1, uo(z, 7))dr

1 r(@)
ui(z,t) = m fot(t — ) (1, un (=, 7)) dT
(1) = ﬁ S =) f (7w, 7))
and .
vo(z,t) = v(z,0) + o) [t — 1) f(r,v0(z, 7))dr
iz, t) = ﬁ it = 7)2 " f(r,on (7)) dr
op(z,t) = ﬁ fot(t — ) (1, v (2, 7))dT
‘We have:
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1

wo(x,t) = w(x,0) + @ f;(t — T)O‘flf(r, wo(x,7))dT =0
w(z,t) = (o) fot(t — ) f(rwi (x, 7))dT =0
wa(,8) = —— [1(t —7)* L f (7, wn(z, 7))dr = 0

I'(a)
Because from the conditions to the limits, it happens that

u(z,0) = g(z) = v(z,0) = w(z,0) =0
In addition, f(7,wo(z,7)) is a linear function of w(zx, 0)
Where from wo(z,0) =0 = f(r,wo(x,7)) = 0 = wo(x,t) = 0;absurd.
Similary, f (7, wn (x, 7)) is a linear function of g(z),n > 1
It follows that wy,(x,t) =0 = un(z,t) — va(z,t), Yn > 0.

Thus u(z,t) = v(z,t) hence the uniqueness of the solution.

3 Applications

3.1 Fractional diffusion linear equation [11,12,13,14]

Let’s considere the following fonctional equation to fractional order:

Lu = f + Ru+ Nu and let (P1) be the problem to be studied defined by:

(Pr) ot Oa?
u(z,0) = sinwz

(z;t) € Q=R x [0,+oo[ and u (x,t) € L? (Q)

0%u (z,t) EGQu(x, t)

Let’s find the solution of (P;) in the form of:

“+oo
u(z,t) = > e"un(x,t), where 0 < e < 1

n=0

As e
Lutz, 1)) = 248

and ) .0

O u(z,t

Ru (ZE, t) = €W
L(u(z, £)) = Ru (z:1)

with

L™ (u(, 1)) = La(u(z,t))
By applying L™! in equation (Py), we obtain:

where 0 < a<land 0<e <K 1;
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u(z, t) — u(z,0) = L™ Ru(z, t)

which is equivalent to:
0u(x,t) )

un(z,t) = u(z,0) + I, (EW

= = L 0%un (2, 1)
= Z e"un(z,t) = u(z,0) + Zla (5"+ TZ’)
n=0

n=0

The following equations are obtained successively by identification of powers of &:

e’ wo(x,t) = u(z,0) = g(x) = sinwz
I 82u0(5€:t)
“ Ox?

,
e un(:c,t) =1, (M) n>1

el ui(a,t)

Ox?

This leads us to solve the following equations:

ot
uo(z,0) = sin(wz)
O%ui(z,t)  Ouo(z,t)

el ate  ox?
u1(z,0) =0 (1.2)

O.{a‘%(wvt)zo
E

Oun(z,t)  Pun—1(,t)
€ ote B Ox?
Un(z,0) =0,n>1

,Vn >1

Let’s solve the system ¢° :
9%uo(z,t)

e = 0 with uo(z,0) = sin(wz)

In Caputo’s sense, the solution to this equation is in the form:

1

@ fot(t - T)D‘flf(r, uo(z, 7))dT

up (;t) — uo(z,0) =
As f(7,u0(7)) = 0,then,

uo () = uo (x;0)
where from wo (z;t) = uo (z;0) = sin(wz)

The solution to this equation is:
uo(z,t) = sin(wx)

Let’s solve the system ¢! :
O%u1(z,t) 0uo(x,t)

o = 5. with ui(z,0) =0
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In Caputo’s sense, the solution to this equation is in the form:

up (z;t) — w1 (x;0) fo (t—7)* " f(rua (e, 7))dr
As (7)) = 8“875”
= w1 (z;t) = % fo (t — 1) tdr

Let’s posing 7 = tz, dr = tdz; When 7 — t,alors z — 1

2 q
We obtain: w1 (x;t) = %gwx) fol(t _ tz)o‘_ltdz
2
) —w” sin(wz) o111
e
2
—w* sin(wx) ,,
) = 2 2\
= u1 (z;1) Tt D)
The solution to this equation is:
7w2ta)
ui (z;t) = sin(wx)m

Let’s solve the system ¢

O%uz(z,t)  Oui(x,t)
ote T Ox?

with u2(z,0) =0

Using the same approach of resolution as in € and €', we obtain as solution of the system &2

_24a0n2
ug (x;t) = sin(wx)%
In summary, we have:
uo(z,t) = sin(wx)
e (—U.)Qta)
ui(z,t) = sm(wx)ir(log_’_ T
uz(z,t) = sin(wx)%
_,24a\n
un(x,t) = sin(wx)%
By posing,  ¢n(z,t) = 3 e"ug(x, 1)
k=0
The solution of this equation (Pi) is
_ : . o (—ew?t)” X (—ewt™)k
u(z,t) = nEToo on(z,t) = &n(wx)ngrfoo;ir(ka T = sin(wz ;7]%[ 1
We thus obtain: u((w,t) = sin(wz) Ba(—ew?t®) (1.5)

Note: When a = 1, ,the solution of system is:u(x,t) = sin(wx)e‘”Qt.

(1.4)

Thus, this solution is the same as that obtain by Y. Minougou in his thesis [1]where he used the Adomian

method with o = 1.
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3.2 Fractional diffusion-convection linear equation [11,12,13,14]

Let (P2) be the problem to be studied defined by:

[t 2

(Py) : 8 ?)E?t) :58 giﬁg,t) +>\6u[§i’t)where0 <ek<LliA>0and0<a<l1
u (z;0) = sin (wz)

(z;t) € Q=R x [0, 4+00[ and u (x,t) € L* (Q)

0%u (z,t) *u(z,t) Jr)\8u(ac,t)
ot Ox? Oz

= L' (u(x,t)) = I (u(x,t)) where L(u(z,t)) = Ru (z;t)

and Ru (z;t) =¢

Let’s posing L(u(z,t)) =

By L™! to the equation (Pz), we obtain: u(z,t) — u(z,0) = L™ Ru(x, t)

+oo
Finding the solution in the form of: u(z,t) = > e"un(z,t) (2.1)
n=0

+oco +oo
Which equals: > e"un(x,t) = u(z,0) + > e"IoR (un(z,t))
n=0 n=0

1 +oo 2 " ¢ . ¢
. 2 etun(@t) =u(2,0) + 3" a (sa ”aaff’ ) 4\ a(j ))
We successively obtain the following equations:
t
€% wo(x,t) = u(x,0) + Al %)

0% uo(z, t) Ouq (z,t)
el ui(z,t) = I ( D2 + A D )

0%uq (x,t) Ous(z,t)
2, _ ) )
e wug(x,t) = Ia ( E + A o
n 0 up—1(z,t) Oun(z,t)
g™ un(x,t)zla( 92 + A o in>1
This leads us to solve the following equations:
0%uo(x,t) Aauo(x,t)
e’ : ot N Ox
uo(z,0) = sin(wz)
O%ui(z,t)  Ouo(w,t) Ouq (z, )
e ote T 022 A Oz
u1(z,0) =0
) 0%uz(x,t)  O%ui(w,t) n Aauz(x,t)
e te a2 9 (2.2)
uz(z,0) =0
un(z,t)  Pun1(z,t) | Oun(z,t)
e o N Ox2 A o "7 0
Un(z,0) =0;n >0

Let’s solve the system ¢° :

0%uo(x,t) /\auo (z,t)
ote - ox

with uo(z,0) = sin(wx)
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In Caputo’s sense, the solutlon to this equation is in the form:
ug (z;t) — uo(z,0) = ( fo (t —1)* L f(1,uo(z, 7))dr

8’MQ( x,

or

uo (x;t) = uo(z, 0) R o fo P

)

As f(r,uo(z, 7)) = ,then,
auo(ZE,T)

5 )dT

We have : uo(z,t) = ZUOk (m7t)
k=0

U, (x;t) = uo (ac 0) = sin(wz)

Thus : = Auo,, (z,T)
U, (T31) = fo — 1Td7; n>0
we obtain after calculation:
Uo,, (x;t) = sin(wz) (—1)P M'p >0
2p A r(2pa+1)"" ~
” (z;t) = cos(wz)(—1)P M. 0
O2p+1 \ Iy U) = P((2p+1)a+1)7p_
+oo +oo “+oo
We have: uo(m, t) = Z U0y, (13, t) = Z U0gp, (CL‘, t) + Z UOgp 41 (55, t)
k=0 k=0 k=0

The solution to this equation is:

) +o00 ()\wta)Qk +o00 ()\wta)Qk-H
= B L e A )k
uo(z, t) sm(wx)g( ) T(2ha + 1) +cos(w:r)];::0( 1) T2k + Dot 1)
Let’s solve the system &’
o 2
We have: 2 ual(f’t) = Puole) |\ i i (,0) = 0

x
In Caputo’s sense, the solution to this equation is in the form:

1
uy (z3t) = ua (2, 0) + ) Syt =) f(rw(w, 7))dr
2
As f(r,ui(7)) = 9 uao(a;,T) + Aaan(z’T) ,then,
- fo Jo-1( 0? u(;)g(::;c ,T) +>\€9U18(z,7'))d7_
(J,‘,t) = Z’lﬂk(ai,t)
k=0
ui, (z;t) = w (ac 0) =0
Thus: 8 uo,, (z, T Ooui,, (z, 7
U1, (z;t) = fo ?9(2 )—i-/\ 18(33 ))dr

Using the values of uz, obtalned in g2 ,we obtain after calculation:

()\wtoz)Qk—l
I'(2ka+1)

Ulgpyr ($5t) = _(_1)k(2k + 1)

U1y, (23t) = (—1)F2k (w?t*) cos(wz); k > 0

(/\wta)zk

[(@k+ Das Dl @ )snn)ik20

+o0 o0
We have:  u; (a:,t) = Z Ulgyy (Ivt) + Z Ulgpyq (a:,t)
k=0 k=0

The solution to this equation is:
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ur(z,t) = (wzta)cos(wx):Z:(_l)kzk %
X a2k
—(w?t™) sin(wx)+2 (-1)*(2k +1) . (Awt®)

(2k+ Da +1)

£
Il
<)

Let’s solve the system &? :

0%uz(z,t)  Oui(a,t) Oua(z,t) . _
We have: e = 2 + A T with u2(z,0) =0

Using the same approach of resolution as in €° and e'and using the values of u1, obtained in ¢!, we obtain after

calculation:
1 N ) )\wta 2k—2
Ug,, (z,t) = 75(71)k2k(2k —1)(w'? )sm(wx)m; k>0
(Awta)2k71

U2, 4, (2,1) = *%(*Uk(mﬂ + 1) (2k) (w*t**) COS(‘”@m; k>0

+o0 +o0
We have: ’Lm(:p,t) = Z U2y, (:L‘,t) + Z U295 41 (:E,t)
k=0 k=0

The solution to this equation is:

R PR too oy Qwt)?
us(z,t) = 2(w %) sm(wx)g::l( 1)*2k(2k 1)I‘((2k)a+1)
—%(th")Q cos(wx)z(—l)k(% + 1)(21@)%

Let’s solve the system ¢° :

(03 2 ]
We hauve:a us (2, 1) — 9 uz(z, 1) _|_)\5'U3(33at)

oio B e with uz(z,0) =0

Using the same approach of resolution as in €° and e'and using the values of uz2, obtained in €2, we obtain after
calculation:

k1 6,30 Ow t%)*+2
U3y, (2, 1) = —(=1) §2k(2k —1)(2k — 2)(wW°t )cos(wx)m; k>0
(}\w ta)Qk—Q

k>0

1 6:3a) o
u32k+1(x7t) = (—l)ki(ﬂf + 1)(2k)(2k — 1)(w t )Sln(&)l’)m% Z

+oo “+oo
We have : ug(z,t) = > us,, (z,t) + Zu32k+1 (,1)
k=0 k=0
The solution to this equation is:
1. 203 = k (Aw ta)%_g
=—— * —1)"2k(2k — 1)(2k — 2) ————
ug(z,t) 3!(w t*)° cos(wx) :0( )2k(2k — 1)(2k — 2) T (2ha + 1)

1 goons . +o§ (Aw t*)2k=2
gy (W) Sln(wﬂc)kZ::O(—l)k(21c + 1)(2k) (2K — 1)m

Let’s solve the system ¢* :

o 2
We have: 0%ua(z, ) — 97us(z, 1) Jr)\8u4(ar:,t)

5ra D2 . with us(z,0) =0

Using the same approach of resolution as in €° and e'and using the values of us3, obtained in 3, we obtain after
calculation:
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a\2k—4
(Awt®) k>0
r2ka+1)"" —
()\wta)Qk—S .
T((2k+ Da+1)’

sy, (@,8) = (—1)’%21@(21{ —1)(2k — 2)(2k — 3)(wPH) sin(we)

Udgyyq (T,1) = (—1)’“%(21{: +1)(2k)(2k — 1)(2k — 2)(w®t**) cos(wz)

We have: ug(z, t) = Zw;zk (z,t) + Zu42k+1(x t)

The solution of this equatlon is:

(w 4t'“) sin(wx):ijo( 1)*2k(2k — 1)(2k — 2)(2k — 3)%
(WQta)4 +o0 (}\wta)%*iﬁ

i cos(w;c)k;()(*l) (2k + 1)(2k)(2k — 1)(2k — z)m
From close to close, we obtain:

us(z,t) =

Jr

oy wt®)2k
uo(z,t) = Sin(wm)i (—1)F F((;#ll)

()\wta)Qkal
(2k+ Da+1)

e +oo (Awt™)2F 1
ui(z,t) = (w’t*) cos(wz) 1(—1)k2k T(2ka+1)

o L= (Awt)2*
(@t sin(wr) 3 (DY R D) mop ey
(w?t

ug(z,t) = Tsm(wm)}j( 1)*2k(2k — 1)%
(1) teo (Aw 1)~ (29
2 COSWE( R+ DD e

a\2k—3
2) 5 (~1)*2k(2k = 1)(2k — 2)

os(w
f=2
+o0o (/\(A.) ta)Qk_Q
T sm(wm)g( 1F(2k +1)(2 )(Qk_l)m )
(w2to¢)4 +oo ()\wto‘)Q —4
g sin(n) (1) 2k (2% — 1)(2k — 2)(2k — 3) ot

1)k (2k 4 1)(2k) 2k — 1)(2k — 2) i)
i cos(wx)kXZ:Z( (2k + 1)(2k)(2k — 1)(2k — )m

2 a)2

Let’s posing:

= iskuk(x, t) (2.4)
k=0

with
u(z,t) = lim  on(z,t)

n—-+oo
The solution of this equation (P2) is:

u(z,t) = e uo(z,t) + e ur (x,t) + e ua(x, t) + e us(x, t) + e ua(z, t) + ...

Which allows us to get by reducing the smallest value from k to 0, we obtain:
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o oo w (wt®)?F oo & (Awt™)2F 1
u(x,t)—[sm(wx)kgo(fl) m +cos(wx)k§0(71) m}

2, . py
(—ew’t )[cos(wx)g::o(—l)k?(k-i- 1) m"‘
in(wa) ST 1)k @k 4 1) — W™
sm(wx)kgo( ) (2k + 1) m]-i-
(et ) ST (1R 2k + )2k + 1) — 1)
2! Pa

cos(wx) Z( 1)F(2(

(Awta)Qk
o F(Q(k+1)a+1)+
()\wta)Qkﬁ—l
@hr D+ DasD T

(k
= [cos(wz) 2 (=1)*2(k +2)(2(k +2) — 1)(2(k + 2) — 2)

+ 1)+ DEk+1):

(—ew to‘) t (Awt®)2F+1
k=0 r'2(k+2)a+1)
. T & (Dwt™)?*
sin(wz) S (—1)F@(k+ 1) + 1@k + )20k +1) = 1)
+

N D E L
(—8w2t°‘)4

o lsin(we) S (—1)*2(k +2)(2(k +2) — 1)(2(k +2) — 2)2(k + 2) — 3) (Awt®)?
: k=0

400 (Awta)2k+l

cos(wz) 3 (=1)*(2(k +2) + 1)(2(k +2))(2(k +2) — 1)(2(k +2) — 2)

Which still gives:

L oo ()\wta)mc oo ()\wta)%Jr1
u(z, t) = [sin(wzx) Z( )k m + Cos(wx)kgo(—l)k m +

2 =0 +oo & ()\wto‘)
(—ew?t )[Sln(wx)kgo(* )¥(2k +1) m
+o0 ()\th)Qk
T'((2k + 2)o + 1)]+

fin(wa) S (1) (2k + 2) 2k + 1) T
z T((2k+2)a + 1)

too ()\wta)2k+1

cos(wz) 3 (—1)F (2k+3)(2l’€+2)m]+

— WQ ? = w a\2k
(—e 3!t ) [sin(wx)zgo(—l)k(% 4 3)(2k + 2)(2k + 1)%
Ry k ()\wta)2k+1
costeen) 2 (=) R DR DR D R aja 1))

k=0
(7614)215&)4 . ~+oo X (AWta)Qk
g sin(em) 3 (~1)*(2k + 42k + 3)(2k +2)(2k + ) o gy

)S¥ (“1)% (2k + 5)(2k + 4) (2 + 3)(2k + 2 Ot ™
cos(wa) 33 (—1)*(2k +5)( 2k +3) 2k + 2 r ok Ba s 1)

+

cos(wz) 3 (=1)F(2k + 2)

~—

(=}

~—

(—ew t“

—~

+

=
o

2

+

o

In the end, we obtain:

o )2k
:: (ewt?)? t i [sin(wz) Z( DkAgk“’W

+cos(wa:)-‘—f:o( 1)k AP Auwt®)# ]
=0 HEPEIT((2k +p + Da +1)
where Ay, avec m > r is the arrangement of r in m

u(z,t) =

o

2 @kt Dt Dot

T2k +2)a+1)
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Note: For a = 1, we have:

= kgD ()\wto‘)% = . ()\wt)% -
];::0(71) A2k+pm = ];::0(*1) eI cos(Awt)
= P ()\wta)QkJrl B +oo B M .
et kzz:o(_l)kAzk+p+1 L((2k+p+1a+1) kZ::O( 1)* CESEE sin(Awt)
+oo (—ew?t)?

= u(z,t) = [sin(wz) cos(Awt) + cos(wz) sin(Awt)] -

o

=
u(z,t) = sin(wz + )\wt)e_s“’2t

Thus, this solution is the same as that obtain by Y. Minougou in his thesis [1] where he used the Adomian
method with o = 1.

4 Conclusion

The resolution of fractional equations by the Perturbation method regular is very tedious because it requires
much more vigilance in calculations. The use of the Mittag-Leffler function is essential. In the event that a = 1,
the solutions become simpler because they appeal to the exponential function. In short, the method, although
tedious, is very effective because it provides solutions to most linear partial differential equations. However, it
requires mastery of the basic notions of numerical series. In addition, we have in perspective to apply it to the
nonlinear equations.
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